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1. (40 points) Let (¢, 0) and (—¢,0) be given and let H be the set of all points (z, y) whose difference in distances
to (¢,0) and (—c¢,0) is a constant 2a.

(a) Show that H is the hyperbola

2 2
=Y,
a b?

(b) Show that it admits the parametric equations

x = tacosht, y=bsinht, teR.

Solution. (a) From

Ve —e)2+y2—(z+c)2+y2=42a,

we get 22/a® — y?/b? = 1 as in the case of ellipse. (b) is a direct check.

2. (30 points) The folium of Descartes in parametric form is given by

3at 3at?

-2, =2 s,
Tty YT ¢

(a) Show that it defines a regular curve on (—oo, —1) and (—1,00).
(b) Verify that it is the solution set to
23 4+ % = 3axy .
Solution.

(a) We differentiate z,y to get

_ 3a — 6at3

') 6at — 3at3
T (t) = ——5 =
1+3)2

v ="y

One finds that (2/(t),y'(t)) # (0,0) for all ¢ # 1. It defines a regular curve.
3at 3at?

(b) When z = eV 1im e have
B = 27a3t3(1 + 13)
(1+41¢3)3
_ 27a3t3
= rep
= 3daxy .



3. (30 points) Find the position x(¢) of the motion in space when the acceleration and initial data are specified
by:
a(t) = (cost,sint,1); x(0) = (100,20,0), v(0)=(0,0,5) .
Solution.

a(t) = (cost,sint, 1). Integrating a(t) to get v(t):

v(t) = /O a(r)dr + v(0)

= (sint,—cost+ 1,£ —0) + (0,0, 5)
= (sint,—cost + 1,t + 5).

Again, Integrating v(t) to get x(t):

x(t) = /o v(7)dT + x(0)

2
= (—cost+1,—sint +t, 5 + 5t — 0) + (100, 20, 0)

2
= (—cost + 101,fsint+t+20,5 + 5t).



